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S O U R C E S  OF T H E  C E N T E R  OF D I L A T A T I O N  A N D  C E N T E R  OF 
C O M P R E S S I O N  T Y P E S  IN T H E  B I O T  M O D E L  

L. A.  M o l o t k o v  a n d  A.  V.  B a k u l i n  UDC 517.934 

For a homogeneous isotropic model of porous Blot media, wave fields of spherically symmetr ic  point sources 
are determined. The conditions under which a point source of the center of compression type can be replaced 
by two sources, one of which is a pair of oppositely directed forces and the other is a cen~er of radially directed 
tangential forces, are obtained. Biblio9raphy: 9 titles. 

In this paper, the wave fields of point sources of the center of dilatation and center  of compression types 
are determined for the homogeneous isotropic unbounded Biot model of a porous medium.  Each of these 
sources is initially given on a sphere of small radius R0. The  interior of this sphere  can be ei ther empty  
or filled with the same medium. In the case of an empty ball R < R0, stresses and  displacements on the 
sphere R = R0 axe given. Such a source is referred to as a source of the first kind [1]. In the other  case, 
the jumps of stresses and displacements are given on the sphere R = R0, which no  longer coincides with 
the interface between the two media. Such a source is said to be of the second kind [1]. 

For the above spherical sources, we determine the wave field, in which passage to the limit is carried out 
as R0 --+ 0. In passing from spherical sources to point ones, the conditions of finiteness of the wave fields 
are found. These conditions characterize the increase of displacements and stresses or  of their  jumps  on the 
sphere R = R0 as R0 --+ 0. In addition, for sources of the center of compression type  of  the second kind, the 
conditions under  which the Saint-Venant principle is applicable to the Biot model axe determined.  In those 
part icular  cases where the Biot model converts into an elastic or a fluid medium, the  expressions for the 
wave field turn into the corresponding expressions for elastic and fluid media [1]. Such a correspondence is 
established for sources of the second kind. 

Fields of sources in porous media described by the Biot model were considered in a number  of papers 
[2-6]. In most papers  [2-5], a source of the type of directed forces, which are t aken  into account in the 
r ight-hand sides of wave equations, in an unbounded homogeneous isotropic porous m ed iu m  was considered. 
This approach is complicated by the fact that  only four among the six components  of forces are independent.  
In [4], in order tha t  the system of equations be neither indefinite nor overdetermined,  three components  of 
displacements in the frame and pressure in the fluid phase are used as independent  variables, and the Biot 
equations are replaced by four equations analogous to the equations of thermoelastici ty.  The  me thod  used 
in this paper  is free from the above-indicated complications. 

w SOURCES OF THE FIRST KIND 

In a spherical system of coordinates R, 0, z, consider a homogeneous isotropic porous  Biot medium with 
a spherical excision R < R0. On the boundary R = R0 of this excision a certain spherical  symmetr ic  source 
is given by the relations 

~(2) 
cr ( ' )  = B ,  f a ( t ) ,  VRa = B 2 f 2 ( t )  (1.1) 

or  

= B 3 f 3 ( t ) ,  = B 4 f 4 ( t ) ,  (1 .2 )  

where R = R0. This source acts since the time t = 0. The variables u~ ), u~  ), cr (1), and ~'RR~(2) describe 
certain displacements and stresses, while the superscripts 1 and 2 are related to  the fluid and elastic 
phases, respectively. As in [7], the averaging of stresses is carried out upon the to ta l  volume of a small 
neighborhood of the point considered, but the displacements are averaged in this ne ighborhood separately 
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upon the volumes of each of the phases. The wave field excited is expressed in terms of the potentials 9ol 
and 9~2 by the equalities 

\ - E ~ - + ~  a--ff + M \ ~ - + - ~  a--~ ' 
( a2~1 2 &2,'~ =a2r 2F 092 

~ = M \-EY~- + 5 oR  '] + ~'--Eff~ + - Y  a--ft 

(1.3) 

The potentials satisfy the equations 

(02~2 2 &22'~ + M @0--~+ = p l l  Jr'p12 
P k-O-~'+-R OR) 5 OR] Ot 2 

M a2~2 +22 a~?/+k/a2~,aR'] k -~+-~2 a~t'~=p,2.__Ei - O R ' ]  v aP 
(1.4) 

In relations (1.3) and (1.4), the notation suggested by Blot [8] is used. The coefficients P, F, M,/~, p,1, p12, 
and p~2 satisfy the inequalities 

P f l - M 2 > O ,  P > F ,  P>O,  R>O, pl,p22-P~2>O, (1.5) 

insuring the positivity of the densities of kinetic and potential energies. 
In considering spherically symmetric wave fields, it is useful to pass to other potentials r and r by 

using the relations 
91 = r  ~ = r (1.6) 

The new potentials satisfy the following equations: 

p 0 2 r  . 02r 02r 02r 
+ M'E~-  = pll ~ + p12 &2 , 

M02r :02r 02r 0241 
+ tc-y~Z = PI2--~T + p22 &2 " 

(1.7) 

In terms of the new potentials, displacements and stresses are expressed as 

d~ ) lar r dd) lar r 
- R O R  R 2 '  - R O R  R 2 '  

o.(I ) 1 [ 02r 02r "~ 
= -R kP'2-S ~ + p22 - -~-)  , 

1 { 0 2r 0 2~''~ 4L (0r r 
R ' 

(1.8) 

where L = (P - F)/2. 
We represent the solution of the system of equations (1.7) with constant coefficients in the form 

r  t -  +F2 t -  , 

- +A2F2 t -  , 

(1.9) 
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where F1 and/ '2 are arbitrary functions in their arguments. The equalities 

V,2 = [ ~/(Pp22 + 2Mp1~) ~ 12 -F Rpl, - - 4(pllP12 - PI22)(PR -/~I'2)H- 

+ - - p22)], 

p12V122- U p22Vi22-/~ 
AI,2 - -  

P pl lY~ 2 M - p12VZ2 - 1,2 

(1.10) 

( I . I I )  

for the velocities of propagation V1, V2 and the relative amplitudes AI and A2 follow from the compatibility 
conditions for the solutions (1.9) of Eqs. (1.7). Moreover, in view of inequalities (1.5), the inequalities 
1/'1 > 0 and V2 > 0 are valid. On substituting formulas (1.9) into relations (1.8), we arrive at the equalities 

U(~) - Rvll , _ ~_~ ) _ _~2F , (, _ ~_~ ) 1_~F1 (' - ~1) - 1 F' ( '  - ~2) -~ 2 

u(~) =---Rv,A' F,'(t _ ~_~) _ _~2F ~ A 2  , ( ,  - ~-~2)- ~-~F1A' ( ,  - ~-~1)- ~--~F2A2 ( '  V~) ' (1.12) 

RR = ~ (P12 -{- PllA,)FI' t -  ~11 + -{-(P,2-{- Pll 2) 2 t - -  ~22 - -  u(~)' 

1[ -~ (#n+p12 1) 1 t -  + + ( p n + p ~ 2 ~ 2 )  2 t -  . 

If we take into account the third and fourth relations in (1.12), boundary conditions (1.1), defining a 
source of the center of compression type, are replaced by the equalities 

R 2 [(P12 +p1,A,)F~' ( t -  -~z)+(p12 +P11A2)F~' ( t -  -~-~)] + 

,(, +4LR0 - 

( 1 . 1 3 )  

+4L [A, Fl (t--~11) + A2F2 ( t -  ~-~~ ) ] = B2R3of2(t), 

(p,,+PI2A,)F~ -~11)R~ +(p l l+p12A2)  2 Ro 

To pass in formulas (1.13) to the point source of the center of compression type, it is necessary to pass to 
the limit as R0 ---+ 0 and to require that the quantities B1Ro and B2R] remain finite. Similar conditions 
were imposed in [1] when considering point sources of the center of compression type in elastic and fluid 
media. Since in practice it is apparently impossible to satisfy both of these requirements simultaneously, 
we set 

B1Ro = 1, B2R~ = 0 (1.14) 

and arrive at the equalities 

A,FI(t) + A2F~(t) = 0, (1.15) 
(p,1 + p,2A1)F~'(t) + (p,1 + px2A2)F~'(t) = fl(t), 

which show that the Blot medium under consideration is excited by the point source only through its fluid 
phase. After differentiating the first equality in (1.15) twice and eliminating one of the second derivatives, 
we obtain the expressions 

A2fl(t) )' F~'( t )= A,fl(t) (1.16) 
F;'(t) = p,,(A2 - A, p,,(A2 - A,)" 
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It is convenient to also represent the wave field obtained in the cylindrical system of coordinates r, 90, z. 
If we represent a function f(t - R/v), defined only for positive values of its argument,  by the Mellin integral 

a+ ioo 
I R 

o'--  i o o  

(1.17) 

use the formula [9] 

e-SRl~ f e - I ~ l ~  
R - kJo(k r )  ~/k2 + s2/v2 dk, (1.18) 

0 

permute the integrals, and change the variable of integration in accordance with the formula s = kr/, then 
we obtain the relation 

oo o-+ ico 

/ ( t -  n/v)/R = f kSo(k~)~k2~, f a(k,)e'~'o-'"~ 
0 o ' - - i c ~  

dq, (1.19) 

where 
o o  

a = ~/1 + q2/v2, G(krl) = f f(t)e-k'tdt. (1.20) 

0 

Using formula (1.19), for the wave field (1.6), (1.9), (1.16) in the cylindrical coordinates we obtain the 
representations 

c o  a +  leo / / (1.21) ~0i = 2rri 
0 a - - i o o  

where 

p,,(A2 - A,)k2, 2 \ a, a2 (1.22) 
Gt(krl)A,A 2 (e -k l  "1~'' e -kl ' l~2)  

z ~ =  p , , T Z c A - - ~ 2 , ~ \  4-i - ~-~ ; 
o o  

4, : v/1 +,2Iv? (i = 1,2), o,(k,)= / S,(t)e-~"'dt. (1.23) 
0 

Now we consider the action of a source of the center of dilatation type. In this case, the problem of 
finding the field reduces to the determination of the functions Fl(t) and F2(t) from the system of equations 

Ro ' (t ~-~~ ) + F2 ( t -  ~--~~ ) = -B,R~f,(t ), R~ ( t ~l~ ) + F, ( t ~l~ ) +-p-f F~ - 

~ , ~  _ 
(1.24) 

[R0 / F ^ \  
+ "  - 

which is based on the first and second relations in (1.12). In equalities (1.24), we carry out limit passage 
as R0 --* 0, and, in order to obtain finite quantities, we assume that  the coefficients B1 and B2 satisfy the 
conditions 

B i R  2 = / ) l  = const, B2R~ = t)2 = const.  (1.25) 

After this passage to the limit system (1.24) is replaced by the equalities 

F,( t )  + f 2 ( t )  = - / ) , f , ( t ) ,  A~F~(t) + a2F2(t) = - / )2 f2 ( t ) ,  (1.26) 
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from which the expressions 

A2Bl f l ( t )  - B 2 k ( t )  B i A , f l ( t )  - / 32 f2 ( t )  
Fl( t )  = , F2(t) = (1.27) 

A2 - A1 A2 - A1 
for the functions F, (t) and F2(t) follow. Passage to the cylindrical coordinates in the wave field constructed 
is performed by using formula (1.18). As previously, the potentials are represented by relations (1.21), 
where now 

Zl --  A2 - AI (B2G2-A2BIG1) e-klzle''al 
z2 - .42 .41 A~(~2a2 -A2&a,)~-~l~l~, (L28) 

Gi = Gi(krl) = / f i( t)e-kt~dt (i = 1,2). 

0 

Thus, formulas (1.21) and (1.28) determine the wave field excited by a source of the  center of dilatation 
type in the cylindrical system of coordinates. 

_ e-kl~l~,21 
- -  + ( B1A,  G, - B2G2 ) a2 ] ' 

- -  + A2(BIAIG1 - B2G2) e-klzla2 ] 
CX 2 

w SOURCES OF THE SECOND KIND 

In the spherical system of coordinates R, 0, % consider a homogeneous isotropic unbounded porous Biot 
medium excited by a source applied to the sphere R = R0 and acting since t = 0. The source is given by 
the boundary  conditions 

[~(')l = Blf1(t) ,  [a~)l  = B2f2(t), (2.1) 

[u~)] = Baf3(t), [u~ )1 = B4f4(t) 

for R = R0 and is called, according to [1], a source of the second kind. The symbol [ ], occurring in equalities 
(2.1), denotes the jump at R = R0 of the function in square brackets. 

The field excited satisfies relations (1.3)-(1.8) and is characterized by the potentials  ~Ol = r  and 
~o2 = r  The quantities r and r are solutions of Eqs. (1.7) and can be represented as follows: 

{ 0- 0 - , > r  
( t -k  v, ] v, ] -t- F2o q- v= ] ,  R < R 0 ;  0 

{ 0- 0_ v, ] + A2F2 v~ ) ,  R > Ro, 

R+Ro ~ -A2F2o ( t -  R - - R  o 

where F1, F2, F10, and F20 are arbitrary functions in their arguments. In the region -t:/> R0, these functions 
describe waves going to infinity. However, inside the sphere R = R0 they describe waves propagat ing both 
from the center and toward it; in addition, the conditions r = r = 0, insuring the finiteness of the 
potentials c21 and c22 at the center of the sphere, are fulfilled. 

The determination of the field excited is thus reduced to the determination of explicit  expressions for 
the functions F~(t), F2(t), F10(t), and F20(t) from boundary conditions (2.1). To this end, using (1.8), we 
represent the left-hand sides of equalities (2.1) by the relations 

['`~)] 
~o L ~ J  ~[r 

1 1 1 
['`~)1 = Roo [-0-R] (2.3) - N [ ~ 2 1 ,  

1 0 2 

1 02 4L r (2)1 
[ ~ 1  - Ro ~(P"[r  + P'~[<]) - n o ' " "  ' 
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The jumps of the potentials r and r and of their derivatives are expressed as fallows: 

( 2R~ - Flo(t)  + F2o ( t _  2R~ [r = Fl ( t )  + F2(t) + F,o t - 1/'1 / --C-f] - F2o(t), 

( 2R0"~ ( 2 R o ' ~ _ A ,  F2o(t) ' [r = A , F , ( t )  + A2F2(t)  + A1F,  o t - --V-~'~ ] - AiF1o(t)  + A2F20 t -  112 ] 
(2.4) 

0r 1 , ~F~0(t)  1 , -~ - j  = -- ~---~-F,(]~) -- ~v2 r2(t ) _ LV1 F, 0e (t  - 2R~ 2 ] - ---Y2 F;~ ( t - 2 R ~  F ~ O ( t ) ' - - ' ~ 2 /  

-~-~ j = - - - ~ F ; ( t )  - --~1 F;~ - 1/'1 ] - --Vii F;~ - -V--22 F;~ - ---~-2 ] - -V-22 F~~ 

On the basis of relations (2.1), (2.3), and (2.4), the system of four linear operator equations in the 
functions F1, F2, F10, and F20 can be written. This system can be solved, in particular, by applying the 
Laplace transform, and its solution determines the wave field of the spherical source. Passage to the limit 
as R0 -~ 0 in the expressions for F1, F2, Fi0, and F20 yields formulas for the field of a point source. 

However, for simplicity of transformations, r162 confine ourselves to substituting formulas (2.4) into rela- 
tions (2.3). In the expression obtained we use expansions in Taylor series and retain, for a small R0, only 
the highest terms in the coefficients at the functions Fs(t), F2(t), F10(t), and F20(t) or at their derivatives. 
As a result we obtain the representations 

2 2 
[u~)l = --~oF'(t)- R-~oF~(t)- S V , 3 V~ 

2 A, ao ,,, 2 A ao , , , .  

[u~ ~1 H o Ro 2F2(t) 3 V? Fi~ 3 ~ F~~ 

Ro[a 0)] (p12A1 + p22)F~'(t) + (p12A2 ' 'F.n't" = - l - p 2 2 J  2 t  ) -  
(2.5) 2R0 2R0. A 

1/'1 (ps2Al + P22)F;'o'(t)- --~2 (P,2 2 + p22)F~g(t), 

R0tannlr (2), + 4L[u(~)] = (pssAs + p12)F~'(t) + (plsA2 + p12)'F,"q~2 ~ J -  

,, 2R0 m 
2R0 (PllA, -[- ps2)F;o(t) - --~-2 (PuA2  + P,~)F;o(t) .  vl 

Then from the first two equations in (2.5) we find expressions for F ~ ( t )  and F ~ ( t ) ,  substitute them into 
the third and fourth equations, and in the equalities obtained ignore the terms involving F~'(t) and FYrt~ 
which are negligible for a small R0. These operations result in the following expressions for the functions 
Fl( t )  and F2(t): 

R03 fl12)[O (1)] a(2) [(pssA2+ -(ps2A2+m2)[  RR]j + l 
Fs(t)  = 3V12(A ' _ A2)(ps,p22 - P~2) 

Rg(A2[u(~) l - [u~)l) 4L(p,~A2 + p22)n2[u(~) l + + 
- -  PS2) As - A2 3V2(A ,  - A2)(pup22 2 , 

Rao[(p,,As + p,~)[aO) l - (ps2A1 + p22)[a~]] (2.6) 

F2(t) = 3V22(A, - A2)(p11P22 - P~2) 

R~0(A,[u~) l [u~)l) 4L(p ,2A ,  + p22)R~[u(~)] 
- As - A2 - 3V2(A1 - d2)(plsp22 - P22)" 

In order that the functions Fs(t)  and F~(t) be finite as Ro ~ 0, it is necessary that the conditions 

B1Ro 3 = /~, = const, /32Ro 3 = /~2 = const, (2.7) 

B3R~ =/3~ = const, B4Rg = B4 = const 

2833 



be satisfied. Relations (2.1) and (2.7) must be taken into account in introducing corrections into formulas 
( 2 . 6 ) .  

It is useful to split the source of the second kind, given by equalities (2.10), into two sources one of which 
is of the center of compression type, 

[a (')] = B i f , ( t ) / R  3, [a~)R] = B2f2(t)/R~, [u~ )] = [u~ )1 = 0, (2.s) 

and the other is of the center of dilatation type, 

[~<'~1 = [ o ~ l  = o, [u~)] = ~f~(t)/n], [~,~)] = ~ , / , ( t ) / R o  ~. (2.9) 

The field of the source (2.8) is described by the formulas 

Fl(t) = 

F~(t) = 

(p, ,A2 + P l 2 ) B ] f l ( t )  - (p,~A2 + P22)B2f2(t) 
3V12( A2 - A, ) ( p H p 2 2  - P f 2 )  

(filiAl "}- p12)Blfl(t) - (p,2A, + p22)B2fz(t) 
- 3 V 2 2 ( A 2  - A,)(p,,p22 - Pf2) 

(2.1o) 

whereas the field of the source (2.9) is determined by the relations 

A2B3f3(t) - /34f4(t)  4L(p,2A2 + p22)/?4f4(t) 
Fl(t) = - A2 - A, - 3V~2(A2 - Aa)(p,,p22 -P,2)2, 

A1B3fa(t) - / ~ 4 A ( t )  4L(p12A1 -I- p22)/~4f4(t) 
F2(t) = A2 -- A1 -t- 3V](A2 - A1)(pz]p22 - -  p22)" 

(2 .11)  

Using relations (2.10) and (2.11), we can obtain expressions for the potentials in the fluid and elastic 
media. To this end, we use the formulas 

p , i = p , ( 1  - e) + c p I ( ~  - i ) ,  P2= = PiC a, Pi2 = - P I ( a  - l )c ,  (2.12) 

which express the densities in the Biot model in terms of the porosity ~, the densities p~ and Pl of the 
elastic and fluid phases, and of the tortuosity ~ (~ > 1) of the porous space. In order  to pass to sources of 
the second kind in the fluid medium, it is necessary to satisfy the conditions 

/32=B4=0, e= l ,  P = F = M = L = 0 ,  /~=A1, 

where Xx is Lam6's coefficient of the fluid. Under these conditions, we arrive at the equalities V 2 = R/PI,  
V2 = O, AI = 1, A2 = .ee, and the potentials for the sources of the center of compression and center of 
dilatation types in the fluid are expressed by the equalities 

Cx (t )  = B1 f ,  ( t ) / ( 3 R ) ,  

r  = -~;f~(t), 
(2.13) 

respectively. 
To pass to the elastic medium, it is necessary to satisfy the conditions 

B1 = B 3  " 0, g = 0, M = R = 0, F = ,k2, L = #2, 

where ,k2 and ~2 are Lam6's coefficients of the elastic phase. Under these conditions, V~ = P/p, ,  V2 = O, 
A1 = ~ / ( a  - 1) > 1, A2 = 0, P = A2 + 2#2, and for the potentials in the elastic med ium we obtain the 
representations 

r = B2f2(t)/(3P), (2.14) 

r = - B4f4(t)(F + 2L/3)/P, 
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which correspond to the sources of the center of compression and center of dilatation types, respectively. The 
first equalities in (2.13) and (2.14) coincide with the expressions in [1], where the fields excited by sources 
of the center of compression and center of dilatation types in elastic and fluid media were determined. 

In formulas (2.10), the densities p11, p22, and p12 can be replaced by the coefficients of Hooke's law, 
using the equalities 

/922 n t- P12A2,1 MA2,1 + 

V~2(PuP22  - P~2) - P R -  U 2 ' 

pllA2,1 + p12 PA2,1  + M 

V~2(Px,P22 - P~2) - P R  - M 2 

(2.15) 

In view of relations (2.15), the functions Fl( t)  and F2(t), determining the wave field excited by the source 
of the center of compression type of the second kind, can be represented as follows: 

F , ( t )  = 

E~(t)  = 

(PA2 + M ) B l f l ( t )  - (MA2 + ]~)/~2f2(t) 
3(Az - A 1 ) ( P R  - M 2) 

_ (PAl  + U ) B l f l ( t )  - (MA1 + k) /32f2( t )  
3(A2 - A 1 ) ( P R  - M 2) 

(2.16) 

If in equalities (2.16) we take f l ( t )  = f2(t), /31 = -3s/(4~r),  and /~2 = -3 (1  - e)/(4~r), then we obtain 
expressions that  describe the wave field from a concentrated source of the center of compression type, which 
is specified by the right-hand sides of .the equations [6]. 

The wave fields from both sources of the second kind can also be expressed in the cylindrical coordinates. 
Using formulas (1.6), (2.2), and (2.10), we represent the field of the source of the center of compression 
type by expressions (1.21), where 

K e-klz]at 
[(pllA2 -t- R12)B1G1 -(P12A2 -}- R22)B2G2] - 

Zi ---- 3(A2 - A 1 ) ( p i l p 2 2  - p122) [. V?oti 

--e-klzl~2 [(PII/I + P l 2 ) ~ l C l -  (Pl2al + p22)~2G2] }, 
V22a2 (2.17) 

A1)(PllP22K _ P122) { e  -klzl~t__ z~ = 3(A: - v:----T-x, [(p11A: + p l~)~ ,a ,  - (p,~A~ + p ~ : ) ~ v : ]  - 

V220t-------- ~ A2 [(Pllml + Pl2)B1G1- (pl2Zl-I- p22)B2G2] }. 

The field of the source of the center of dilatation type can also be represented in a similar form, but ,  for 
brevity, these expressions are not presented. 

w A CHECK OF THE SAINT-VENANT PRINCIPLE FOR THE BIOT MODEL 

In this section, we show that the wave field from a point source of the center of compression type in 
a Blot medium can be represented as a superposition of wave fields excited by a pair of point sources of 
the type of vertical forces and by a source of the type of radial tangential forces. In the case of an elastic 
transversally-isotropic medium, this problem was solved in [1]. Its solution is consistent with the Saint- 
Venant principle. Here, we intend to extend these results to the Blot medium and to ascertain that the 
Saint-Venant principle is valid for such a medium. 

In a homogeneous isotropic Blot medium given in the cylindrical coordinate system r, z, 8, consider the 
action of two auxiliary sources applied to the plane z = 0. The first source of the type of distr ibuted normal 
pressure is given by the relations 

[cr~2, )] = f 2 ( t ) F , ( r ) ,  [G (1)] = 9-2-~fl(t)F,(r), [cr(~2~ )] = 0, [u(~ l)] = [u(~ 2)] = [u(~ 2)] = 0, (3.1) 
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which must hold for z = 0, where the symbol [.] expresses the jump of a function in square brackets on the 
plane z = 0, whereas the function F , ( r )  is given by 

(1 + n2r2)3/2 (3.2) 

and satisfies the condition oo 

f ff',(r)r dr = 1. (3.3) 

0 
In accordance with equalities (3.1) and (3.3), the resulting forces acting on the first and second phases 

in the plane z = 0 are equal to B~f~(t) and/~2f2(t) ,  respectively. Further, the parameter  n specifies the 
distributions of these forces, and, for n = oe, these forces prove to be applied to the origin of coordinates. A 
source of the type of nonuniform pressure on a fluid is unnatural ,  but we include it ia  our considerations for 
generality of formulation. The second source, involving tangential pressure, is determined by the following 
boundary conditions for z = 0: 

[i~2~ )] = -~ f ( t ) r  t['O"(2)]zz J : [if(l)] = O, 

[U(z 1)1 = ['//,(z 2)1 ~--- [U (2)] : O, 
(3.4) 

where 
3n4r 

= - 2 7 ~ ( r ) .  (3.5) r = 2(1 + ~)~/~ 

In equalities (3.1) and (3.4), BI, B2, and /3  are given coefficients, and the known functions fx(t), f2(t), and 
f ( t ) ,  which describe the time dependencies of the sources, are defined only for t >_ 0. 

In terms of the potentials, the displacements and stresses occurring in conditions (3.1) and (3.4) are 
expressed as follows: 

Oz OF r '  

"U(zl) : 0~/91 P12 (0-~- r ~-) 
Oz + + ' P22 

~ ) =  0~2 0r 
0~- +Tzz' 

02cy2 02~21 
i 0) = p 1 2 ~  + p22 Ot 2 , 

02r 02~1 [" 02~2 I 0~2 
cr(2) = P 1 1 - ~  + P 1 2 - - ~  + 2L \--~r 2 + - zz r ~ r  

/" 02(t92 02~ 02/~ 1 0~3 I/)'~ 
Or 2 OF r 

02~ 
+O-;-~z 

--1--- 7" 

(3.6) 

The potentials c21 , c22 , and r satisfy the equations 

02~2 02~1 
PA~2 + M A ? I  = Pll--~-T + P12 0t 2 , 

02~92 02~91 
MA~2 + R/X~I = P 1 2 ~  + P22 0t 2 , 

0 ~  1 00 0 020 pl lp22-  P~2 0~0 
Or 2 $ $ r Or r 2 Oz 2 p~2L Ot 2 

(3.7) 
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In determining these potentials, it is convenient to consider the complex plane as a union of two half-planes, 
and to supplement the potentials with the superscript " - "  in the half-plane z > 0 and with the superscript 
"+" in the half-plane z < 0. For both auxiliary sources, we seek the above potentials in the form of the 
following Fourier-Bessel and Mellin integrals: 

co a + i co 
~+ = J[ Jo(k,-)dk~ / (X+ek~, + X+ k~o,)ek,,d,, 

0 o ' - i c o  

co a + i co 

0 a - - i c o  

co a+ico 

r Jl(kr)dk27ci / y+ekto+kZfldrl' 

0 a - i c o  

co a+ico / Jo(k ) k / 
~'~ = 27ri 

0 a - - i c o  

co a+ico 
Jo(k~)dk (A,X?~ - k ~  + A~X~ e )e d,, 

~o~ = 2~ri 
0 ~ - i c o  

co ~+ico 

/ J l ( k r ) d k / 2 ~ r i  Y-ekt'7-kZfldrl" r - = - 

0 a-ico 

(3.8) 

The coefficients A1, A2 and the radicals Otl, ot 2 are defined by (1.11) and (1.23) as previously, and the 
radical 13 is specified by the relations 

~11 772 i p22 L /3: +W, v3= 
PltP22 -- P~2 

(3.9) 

In order to determine the displacement and stress fields, we must express the variables X +, X +, Y+, 
X~-, X2 ,  and Y -  in terms of the functions specifying the sources. To this end, we also represent the 
right-hand sides of conditions (3.1) and (3.4) by Fourier-Bessel and Mellin integrals, using the relations 

o o  

~.(~) = f J0(k~)e-~ k ak, 
0 

o o  I/ k 2 
g , ( r )  =~ J , ( k r ) e - ~ k  dk, 

0 

O 0  OO 

G(k , )  = f f ( t)e-kntdt ,  Gi(k77)= f fi(t)e-kO'dt (i = 1,2). (3.10) 

0 0 

On solving the system of equations written on the basis of boundary conditions (3.1) and (3.4), we arrive 
at the expressions 

X~- = - X  + = (ptlA2 + pl2)J~tGl -- (pnA2 + p22)B2G2 
47r~(A2 - .41 )(Pl, P22 - P212) 
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X 2  = _ X  + (p11A1 + pl2)/31G1 --  ( P I 2 A 1  + p22)/~2G2 
= - 47rq2(A2 - AI) (p l tp22  - P122) ' 

y _  : y +  = p22J~2G2 - p12/~1G1 (3.I1)  

47n? 2 j3(pl 1 P22 -- P22)' 

(P12A2 + p22 )BkG 
x ;  : x + = 4 ~ , , 7 2 ( A ~  A, ) (p , lp2~ ~ ' 

- - P12) 

(P12Al + p 2 2 ) B k G  (3.12) 
X2- = X t = 47rot2r/2(A2 _ Al ) (p l lp22  - p122) ' 

y _  = _ y +  = kBp22G 

47rr]2(pllp22 - p122) ' 

which relate  to the sources (3.1) and (3.4), respectively,  and  define the fields of po ten t i a l s  in accordance  
with (3.8). In ident i t ies  (3.11) and (3.12), passage to the limit as n --* cx~ was ca r r i ed  out ,  af ter  which we 
have e -k/'~ = 1. 

Now we cons ide r  the  th i rd  auxi l iary source,  which is a pai r  of equal  bu t  oppos i t e ly  d i rec ted  forces appl ied 
to the points  r = 0, z = - R 0  and r = 0, z = R0. This  source is given by the b o u n d a r y  condi t ions  

[a(2)1 = + /~2 ~ '  4~rR0 f 2 ( t ) F . ( r ) ,  

:]= /31 (3.13) 
[~r = 4 ~ R o / , ( t ) ~ . ( r ) ,  

[o7)1 = 0, [~,)1 = [u~)] = [~2)] = 0, 

where  z = +R0  and  n ~ o0. In consequence of  the s imilar i ty  of the  first and t h i r d  auxi l i a ry  sources,  we 
derive expressions for the  potent ia l s  of the th i rd  source by  using the  express ions  fo r  the  po ten t ia l s  of the 
first auxi l iary  source.  If we deno te  the potent ia ls  in the case of the first auxi l iary  source  by  ~ l (Z) ,  r 
and  r  t hen  the  po ten t ia l s  for the th i rd  source are given by the expressions 

~ ( ~  - Ro) - ~ ( z  + R0) r  - R0) - r  + Ro)  
(i = 1, 2), (3.14) 

2Ro 2R0 

Upon  passing to the  l imit  as R0 --~ 0, expressions (3.14) reduce to 

- ~ ' i ( z )  ( i = 1 , 2 ) ,  - r  (3.15) 

respectively,  and the  fields of  potent ia ls  corresponding to  the th i rd  auxi l iary sou rce  are  r ep resen ted  by 
formulas  (3.8) as well, where  

x~- = x + = k~, 
47rr]2(A2 - A, ) (pHp22  - p22) ' 

X 2 = X + = - k a 2  ( p l ' A 1  + P l 2 ) B I G 1  - (P12A' "~- P22)B2G2 (3.16) 
47rT?2(a2 - A, ) (p l l p22  - P~2) ' 

y -  = - y +  = k p22132G2 p , 2 B I G ,  

4 ~ 2 ( P l l p 2 2  - P~2) " 

Now we consider  the  case where  the med ium is s imul taneously  exci ted  by the s econd  and  th i rd  auxi l iary 
sources.  S u m m i n g  the cor responding  expressions in (3.12) and (3.16), we arrive at  the  fo rmulas  

X V  = X +  = k (p,2A2 + p2~)(BG - B : G : a ~ )  + ( p , , A 2  + p~2)[~aGxa~ 

47ra,772(A2 - A , ) (p , ,P22  - P~2) 

X ;  = X + = - k  ( p ' 2 A '  + p22)(/~G - / ~ 2 G 2 a ~ )  + ( p , , A ,  + p , : ) B ,  G , a ~  (3.17) 
4 7 r a ~ ( A 2  - A , ) ( p , , p 2 z  - pzl~) 

y _  = _ y +  = hp~2(/32G: - J~G) - p~:[3, G~ 
4~rr]2(p~ p~2 - p~2) 
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We compare the wave field determined by (3.8) and (3.17) with the spherically symmetric field excited by 
the source of the center of compression type of the second kind. In order that the wave field be spherically 
symmetric, the condition r = 0 must be satisfied, which leads to the relations 

/~zG~ =/~G, /)1G1 = 0. (3.18) 

With account for identities (3.18), formulas (3.17) can be represented in the form 

(P12A2 q- p22)/)2G2 
x ?  : x ,  + : - k  

4~ra, V?( A2 - A, )(palp22 - P~2) ' 

(p12A1 + p2~)B2G2 
x ;  = x + : k 

47rc~2V22(A2 - A1)(pllp2~ - P~2)" 

(3.19) 

If in formulas (2.17) we take 
/31 = 0, /~2 = 3/)2/(4rr), (3.20) 

then relations (2.17) and (3.19) describe the same wave fields. Thus, the source of the center of compression 
type of the second kind is equivalent to a pair of the corresponding vertical forces and a certain source of 
the center of tangent pressure type, provided that all of the above sources act directly only on the elastic 

(2), 
phase. If, instead of the second formula in (2.8), we write the relation [~rRR 1 = 3B2f2(t)/ (47rR03), which 
shows that the jump of pressure is inversely proportional to the volume of the ball to the boundary of which 
the action is applied, then relations (3.20) are replaced by the identities BI = 0, B~ =/ )2-  
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