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Formulas for the body forces equivalent to given jumps of stresses and disp~ucements in the anisotropic Biot 
model are obtained. Similarly to the case of elastic media, Betti's identity, the reciprocity relations, and 
the representation integrals for a porous media are derived first. The equivalent body forces are obtained by 
applying the representation integrals to a volume with surfaces of discontinuity. Some physical consequences 
are indicated, and examples of equivalent body forces for the isotropic Blot model are provided. Bibliography: 
7 titles. 

INTRODUCTION 

Internal seismic sources in elastic media can be described [1, 2] either as body forces in the wave equations 
or as jumps of stresses and displacements on possibly fictitious interfaces. These two approaches are 
interrelated in the following way [2]. For any distribution of the jumps of displacements and stresses, there 
always exists a combination of body forces that  results in the same wave field. Formulas for these equivalent 
body forces are provided in [2]. 

This relation between the two descriptions of sources is of importance because, first, it permits one to 
obtain the so-called Green's (Stokes') functions in different ways and, second, it provides the possibility of 
analyzing intricate wave fields excited by sources described in terms of jumps of stresses and displacements 
by decomposing these sources into a combination of elementary ones. This possibility is especially important 
in analyzing wave fields generated by earthquakes, which are modeled by slips (jumps of displacements) 
along faults (interfaces) [2]. 

Sources in the more sophisticated Biot model of porous rocks are described analogously [3, 4]. This 
model is frequently used in exploration seismology when considering wave propagation in fractured and 
porous media. For this reason, the explicit relationship between the two descriptions of sources in Biot's 
model is of considerable interest. 

In this paper, based on the technique developed in [2] for the case of elastic media, the expressions for 
the body forces equivalent to given jumps of stresses and displacements are derived for the Biot model of 
an anisotropic fluid-saturated medium. 

1. BETTI'S IDENTITY AND THE RECIPROCITY RELATIONS 

The equations of Hooke's law for the anisotropic Biot model can be written in the form [5] 

#b' 
aij = A~j e,~ + Q~ja, a = Q~je~j +Rtg. (1.1) 

Here, cr and a~j are the stresses in the fluid (first) and solid (second) phases, respectively, averaged over the 
total bulk volume; e~j are the skeleton deformations, determined by the formula 

{ Ou~ 2) i=j ,  

e , j =  (1.2) 
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/9 is the  divergence of displacements in the fluid phase. As pointed out in [6], ~ (2) is the vector of skeleton 
displacements averaged over the volume of the  solid phase, and ff (1) is the displacement vector of the 
fluid averaged over the volume of the fluid phase. This conclusion becomes obvious if one considers the 
effective model of a layered fluid-solid medium, which  is a special case of Blot 's model [6]. In Eq. (1.1) and 
henceforward, summation from 1 to 3 over r epea ted  indices is implied. The elastic coefficients A ~j , Q~j, 
and R form a positive-definite 7 • 7-matrix and satisfy the relations of symmetry  

A~j = A~ = Aij  = Auu, Q~j = Qii. (1.3) 

As is easily seen, these symmetry relations imply Betti 's  identity for Blot's medium 

i_<j i~<j 

where cqj, a, e~j, 0 and 0 o 0o o'/j, fro eij, are two sets of stresses and deformations resulting from the application 
of different external forces to the same porous medium.  

In order to obtain the relations of the reciprocity theorem, We use the identity [7] 

d iv  (u(Z)~k) + div ( ~ ( 1 ) )  = g(2)Dive ik  + ~ a, ke,k + aO + ~(1)grada, (1.5) 
~<k 

which is valid for arbitrary vectors ~ (1), if(z), where eik are the corresponding deformations (see (1.2)); 
~k = akji'j; akj is a symmetric  table, and zj is the  j t h  unit  coordinate vector. In Eq. (1.5), we use the 
nota t ion  [7] 

Div cr~tr = i'j div ~j. (1.6) 

Let  ~(1) and ~ (2) be the displacement fields in a volume V corresponding to certain body forces, boundary 
conditions on the surface S surrounding V, and initial conditions at t = 0. Further, let ~7 (1) and ~(2) be the 
displacement fields in the same volume V tha t  correspond to some other body forces and other boundary 
and initial conditions. By a~k~ a ~ and o'ik , cr we denote the stresses from Eq. (1.1) corresponding to the 
fields if(l), g(2) and ly(D, g(9.), respectively. We wri te  identity (1.5) for the two sets a,k, a, ~(1), g(2) and 
crOk, a0, ~ (1), ff (2) and subtract  the second relat ion obtained in this way from the first one. Applying Betti 's 
formula (1.4), we derive 

In order to transform the right-hand side of (1.7), we use the equilibrium equations for Blot 's model, 
which, in the above notation,  are of the form 

02ff,(z) 02g,(I) 
Diva~k + f(2) = p ~ ~  + p~2-~-,  (1.8) 

grada + ~{~) = P l z ~  + P~z--~T-" 

Here, p~1, P22, PIz are 3x3-matrices. Assume that the body forces f(~), f(z) and if(1), if(z) correspond to 
the fields z7 (~), ~ (z) and ~ (i), ~-(~), respectively. Substituting the expressions for Div ci~ and grad ~ implied 
by (1.8) into Eqs. (1.7), we arrive at the first differential relation of reciprocity: 

+p~_~ ~.(z) -g(~)  ' + P l ~  ~ (z)0 
Ot Ot 

~t 

3306 



In transforming the left-hand side of (1.9), we used the relation ~k ak~i'3 and the symmetry of a ~ .  
Integrating over the volume V and taking into account the equality 

~nff, ----- (~lUl + ~2u2 + ~3u3) n, (1.10) 

where ~ is the stress vector acting at a point of the surface with normal vector if, we rewrite (1.9) in 
integral form 

S V 

--Pii~-~ ~.(2)~_g(2) --Pi2~ g(2) 
Ot Ot bt 

-Pi2~'~ g(2) _ i(i) g(i) at at )-p22  Ot 

ot } 
(1.11) 

Formula (1,11) does not involve the initial conditions for the fields ff (1), if(2) and i (t), if(i). Therefore, it 
is also applicable to the case where 5n, a,  i f ( l )  if(2), f(1), and f(2) are estimated at a t ime tl ,  whereas 
or,'~ co, if(l), i(2), ~(1), and i f ( 2 )  a r e  est imated at a time t 2 .  Furthermore, let tt  = t and let t2 = r -  t. If 
we assume that, in the volume V, all of the displacement fields are zero for t < to, then the convolutions of 
all the terms of the form 

+oo O ( g O ) ( r  Off (i) . . Oi (-~) . 
f _ .  p ,m~  ( , ) ~ ( r - t ) )  dt _ t) v(t ) _ 

vanish. Upon integrating with respect to ~, formula (1.11) for the displacement fields vanishing for t _< to 
takes the form 

= /-L~dt// {~(T-t)~(2)(~)-~r*(f~)v(2)(7-t)+~.~(T-~;)~(~)(t~)-~.(t)~(~)(~.-t)~dS. (1.12) 
S 

This is a very important integral reciprocity relation, which permii;s one to obtain various formulations 
of the space-time reciprocity. 

2. REPRESENTATION INTEGRALS AND EQUIVALENT BODY FORCES 

In order to obtain representation integrals, which will enable us to determine the equivalent body forces, 
it is necessary to take Green's function as one of the displacement fields in (1.12). For the anisotropic 

Biot medium, it is convenient to represent Green's function as a sum of two terms, Gl}'2)(g,t;~, to) and 
_ (2) W~("2)(:~,t;~ t0). In the volume V, each of the terms (up) ~(1) u}2)  ~_(2) and u p  ) W~ (x), -~, = ~'ail ' " - -  ~'~il = " -  

W (2)) satisfies Eqs. (1.1) and (1.8), where f ( D  and f(2) are different external forces with t ime dependence 
6(t - to), applied to the point ~ These functions, as well as their first derivatives, are assumed to vanish 
for t _< to and ~ r (. On the surface S with  normal vector ~, the homogeneous boundary conditions are 
imposed. For a porous medium, this means that  two relations, one from each of the pairs 

~(2)  = 0 ,  ~ n  "- 0; ?~(1)~ = 0, o" = 0,  (2 .1)  

~_ (t.2)(~, t; ~, to), is related to the displacement field corresponding to the unit are satisfied. The first term, '-'il 
force f(1) = 0, f(2) _ 6iL6(~ - 06( t  - to), applied to the skeleton and acting along the l th coordinate 
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direction, where 6it is the Kronecker symbol. The second term, W[I'~)(Z,  t; (, to), corresponds to the field 
excited by the unit center of pressure f(~) -- 6(t - to) grad(:~ - ~'~, f(z) = 0 in the fluid. Such a definition 
of the second term of the Green's function is related to  the fact that,  in a fluid, it is not  allowed to choose 
a point source of the type of a directed force [3]. Sources in fluids ( f O ) )  must  necessarily be irrotational, 
and grad ~(~) is taken as an elementary irrotational action. 

Taking t~it'~O'2)'-tx, ~; ~', to) and W/(1'~) (~, t ; ~  ~0) as the fields ~I ~), .v~-(2) and sett ing ~o = 0, we arrive at the 
following two representation integrals: 

i_ l i l  <,,- <,>- u}~)(~",r) = dt {D~l(~,t)Gl2)(z,,~'-t ;( ,O)+ fi (x,t)Gi, ( x , ' r -  
O0 v 

+a~ (x, ~--~, ~, o)o(z, ~)n~ 
s 

. t) - g (1 ) (Z ,  t)cr~ v - t ) ~ )  dS,  (2.2) 

V 

51 

+w~l~(e,~--t;(,o)o(e,t),~-a(~)(e.,t)~o(e,~--t)-a(,~(e,t)~~ (z.3) 

Here, (cYn)k = ~Yka is the k th  component  of the vector ~7, = (~ka)i'k of normal stresses, where c7 ~ and a ~ 

are the stresses corresponding to the displacement fields a (1~ n(21 in (2.2) and W~ ~), W~ 21 in (2.3), as i l  ' " ' i l  

above. 
Relations (2.2) and {2.3) express the displacements of the  skeleton ~ (21 and the divergence 0 of the fluid 

in terms of the body forces f(1) and f ( 2 )  acting inside V, of the stresses ~Tn and ~, and of the displacements 
~7 (I) and ~7 (21 on the surface S. 

We apply formulas (2.2) and (2.3) to a volume V the surface of which consists of an external boundary 
surface S and of the two sides E + and E -  of one and the  same internal interface E, on which stresses 
and displacements have jumps.  Since the equations of mot ion  are not satisfied immediately on E, these 
formulas can only be applied to the interior part of the  surface S + E + + E - .  Assume also that,  on S, the 
homogeneous boundary conditions (2.1) are fulfilled. T h e n  the relations of the representation theorem can 
be rewri t ten in the following form: 

I2 

- n i G  a ((,  t - r;  

O~ v 

+ f_+= f f  { + 
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Note that, as compared to (2.2), (2.3), in Eqs. (2.4), (2.5) we have interchanged the symbols Z and t 
with the symbols ( a n d  ~, so that (Z, t) is an arbitrary space-time point. In integrating over the volume V 
and the surface E, arbitrary points of them are denoted by ff and ~ respectively. Square brackets denote 
the difference between the values on ~.+ and ~ - .  

Analyzing Eqs. (2.4) and (2.5), we can immediately determine the body forces that result in the same 
wave fields as the jumps of displacements and stresses in Eqs. (2.4), (2.5). These forces are called the 
equivalent body forces. 

(1) To jumps of stresses in the skeleton the body force 

applied only to the skeleton, is equivalent. 
(2) To jumps of pressure in the fluid there corresponds the force 

E 

applied to the fluid phase. 
(3) Jumps of displacements in the solid phase are equivalent to the forces 

(2 .8)  

In deriving (2.8), we have used Hooke's law (1.1) in addition to (2.4) and (2.5). 
(4) To jumps of displacements in the fluid phase the forces 

(2.9) 

are equivalent. 

3. PHYSICAL CONSEQUENCES AND EXAMPLES 

Relations (2.7)-(2.9) imply the following physical consequences. 
I. A point jump of the normal stress in the solid across the plane ~a = 0 

[ 33] = [ 13} = [ 23] = 0 (3.1) 

results in the same displacement field as the unit force 

f(1) : 0, f(2)(,T, ~) - -(0, 0, F(~))Ts(,h)5(~z)d(,la), (3.2) 

applied to the skeleton. This is analogous to the case of an elastic medium. 
II. A point jump of pressure in the fluid phase across the plane ~ 3 = 0 

= (3.3) 



is not allowed. We prove this claim by contradiction. Suppose that (3.3) is given. Then, in accordance 
with (2.7), this jump is equivalent to the body force 

f(1) (~, ~.) = --(0, O, F('r))T6(~ll)6(~12)6(93), (3,4) 

applied to the fluid. The force :(~) has a nontrivial rotational part (rot y(x) ~ 0), and, according to [3], 
such a source is not allowed in the fluid phase. 

Nevertheless, the above assertion does not mean that any jump of pressure in the fluid phase is prohibited. 
Examples of physically meaningful sources of this type are provided by sources determined by constant 
jumps of pressure on an infinitely small sphere [4] or on an infinite plane, which correspond to a center of 
pressure and to a piston action, respectively. For such jumps, the equivalent forces .F (x) are irrotational. 

III. For jumps of displacements, the equivalent body forces f-(x) in the fluid phase are always irrota- 
tional, as follows from formulas (2.8) and (2.9). Therefore, for Blot's model, arbitrary discontinuities of 
displacements (in contrast to jumps of pressure in the fluid phase) are always physically correct. 

IV. As isimplied by (2.9), which involves the scalar product [~7 (1)]g as a multiplier, only the component 
of the vector of the jumps of displacements in the fluid phase that  is normal to the surface makes a nonzero 
contribution to the displacement field. 

We illustrate the application of formulas (2.6)-(2.9) by deriving the forces equivalent to the three sources 
in the isotropic Blot model defined by the following jumps of displacements across the plane ~ 3 = 0: 

= = = = o ;  ( 3 . 6 )  

For each of the sources (3.5)-(3.7), the additional conditions 

= [ x3] = = [o 3] = o ( 3 . 8 )  

are assumed to be satisfied. 
Applying formulas (2.8) and (2.9), we find the forces corresponding to the first source: 

= -MF(-r)grad{6C~l)6(r~)6(~3)},  

: -AF('r)~(~l)6(~2)5(~?3), 

= -AF(v)6(1?x)6' (,72)5(,73), 

= - ( A  + 2L)F(r)6(~l)5(r~)6'(~s).  

(3.9) 

Here, A = A~,  A + 2L = A~,  L = Ai~, and M = Q33 axe the elastic coefficients of the isotropic Blot 

model. Thus, the source given as a jump of u (2) is equivalent to the superposition of (a) a center of pressure 
in the solid phase with the coefficient A; (b) a center of pressure in the fluid phase with the coefficient M, 
and (c) a momentless couple of oppositely directed forces acting along the x3 axis in the skeleton with the 
coefficient 2L. 

Similarly, the forces equivalent to the second source are as follows: 

= -  } (3.10) 

Here, as above, M = Qs3 and R axe the elastic moduli occurring in Hooke's law (1.1). Thus, the source 
(3.6) is equivalent to the superposition of (a) a center of pressure in the solid phase with the coefficient M 
and (b) a center of pressure in the fluid phase with the coefficient R. 
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For the third source, (3.7), the equivalent body forces are given by 

f ( 1 ) = 0 ;  f (2 )=0 ,  f~2)=-LF(~')~(~]1)6(772)6'(~3), f(2)=-LF(r)~t(~h)6(~?2)~(r]3), (3.11) 

where L = A~33. Thus, a point jump of tangential displacements in the solid phase is equivalent to the. 
superposition of two moment couples of unit forces in the skeleton. The forces in the first couple act along 
the x3 axis and their arm is directed along the x 1 axis, whereas the forces in the second couple act along 
the xl axis and their arm is directed along the x3 axis. By analogy with the case of an elastic medium [2], 
such a combination can be called a double momentless couple in the skeleton. 
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Translated by A. V. Bakulin. 
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