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JUMPS OF DISPLACEMENTS AND STRESSES AS SEISMIC SOURCES
IN BIOT’S MEDIUM

L. A. Molotkov and A. V. Bakulin UDC 517.934; 550.34

Wave fields excited in a homogeneous isotropic Biot medium by point sources described in terms of discon-
tinuities of displacements and stresses are determined. The results are representied in the form of relations
involving Fourier-Bessel or Mellin integrals and in the form of Stokes-type formulas. The interrelations be-
tween these represeniations are established. Among cll possible point sources ezciting Biot’s medium, the
elementary sources, in terms of which any complicated linear source can be described, are selected. The special
case where the wave fields in the two phases of the Biol medium are independent of one another is considered,
and the corresponding sources in the Biot medium are compared with the known sources in elastic and fluid
media. Bibliography: 14 titles.

In the context of the development of the theory of seismic wave propagation, investigations of wave
processes in porous and fractured media based on effective models and, in particular, on Biot’s model are
of considerable interest. In order to extract detailed information on wave propagation from Biot’s model,
it is necessary to consider different sources. Some sources for this model were already defined in [1-4].
This paper is devoted to defining new sources, to establishing interrelations among sources, and to selecting
elementary sources, based on which wave fields of more complicated sources in an unbounded Biot medium
can be described. This paper is specific in that sources are described in terms of boundary conditions
involving jumps of stresses and displacements. The resulting wave fields are represented in two forms,
namely, by relations similar to the Stokes formulas and by equalities using the Fourier-Bessel and Laplace
transforms. The first representation is convenient, in particular, in investigating wave fields in the near
and far zones, whereas the second representation is needed in studying reflection and refraction processes
on interfaces. In this paper, in order to establish the relations between the two representations, a number
of integral identities is derived. Since Biot’s medium is a generalization of both elastic and fluid media,
for which the sources are already known [5-7], we ascertain that the sources found in the Biot medium
correspond to the sources in elastic and fluid media.

1. BASIC EQUATIONS OF A HOMOGENEOUS ISOTROPIC BIOT MEDIUM

Let an unbounded, homogeneous, isotropic, two-phase, Biot medium [8] be given, in which the super-
scripts 1 and 2 refer to the fluid and elastic phases, respectively. The displacement vectors @ (1) and @ %)
are expressed by the equalities

2 = grad gy — P22 ot
P22
T® = grad ¢, + 1ot 9, ' (1.1)

where the potentials i, 2, and 1,5 satisfy the equations

2 52
PAypz + MAp; =pn 3;2 + p12 BZZI :
- 82 5%
MAps + RAp; = p12 Bt(iz + p22 6:;1, (1.2)
. § 8
A= L oE
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and § = p11p22 — p¥. In relations (1.1) and (1.2), the parameters P, M, R, and L are moduli of the
medium, and the quantities pi11, p22, and py2 are defined by the equalities

pu1 = ps(l —e) +eppla—1), pr2=—pse(a~1), paz2=pseo, (1.3)

in which p, and p; are the densities of the elastic and fluid phases; ¢ is porosity, and « is the tortuosity

of pores (@ > 1). The tensors of stresses o(!) and ai(,f) (i,k = z,y,z) are expressed in terms of the
displacements via the formulas of Hooke’s law

@2 _ au(z) oul? 8y

Opg = Bm +A 8; + A 3: + M8,
oy = a2 2 2
o = ag:) agg) +p2 a%:) + M8,
oD = 3:; . Ma;:) a;f’ s (1.4)

s =T 0u§2) + u? o® =1 BuP + u?
vz = Oz dy |’ Oz 8z oz |’
o =T oud + au,(f) 9= oul + Bug,(l) + ou
Ty "oy | oz |’ Y oy oz’

where A = P — 2L. In the medium considered, waves in the elastic and fluid phases are interrelated. These
waves propagate independently and are described by the equations of elasticity theory and of hydroacoustics,
respectively, only in the case where

Pr2 = O, M=0. (15)

2. THE DESCRIPTION OF ELEMENTARY SOURCES AND OF THE RELATED WAVE FIELDS

The purpose of this paper is to establish sources that can excite the medium in question. Among these
sources we select the elementary sources, in terms of which other sources and the wave fields excited by
them can easily be described. The first of the elementary sources is defined in the cylindrical system of
coordinates r, 8, z by the relations '

@)= 2070 oy @20, pO) =)= L) =0, (2.1)

2nr

where §(r) is the Dirac function, and the symbol [] denotes the jump of the function in square brackets on
the plane z = 0. The right-hand side of the first equation in (2.1) expresses a concentrated external force
acting along the z axis and applied to the solid phase. For this source, the zero initial conditions for ¢ =0

M =g® =0, 9aW/t=02®/0t=0 (2.2)
are satisfied, and the function f(t), specifying the time dependence of the source, vanishes for ¢ < 0.
In order to find the solutions of Egs. (1.2) that satisfy boundary conditions (2.1) and initial conditions

(2.2), we pass in Egs. (1.2) and (1.4) to the cylindrical coordinates. In this coordinate system, it is convenient
to represent the vector potential J; in the form

% = pobh. (2.3)
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With regard for (2.3), the displacements and stresses are expressed as follows:

W =00 _p2 (e ¥e) o) On p12 OUe
bt Bz P22 37‘ r Ur or P22 Bz’
Opa  Oe ¢o Opz2 Oty
2 “x2  “r8 7o @) _ 272 7
Uz oz + or + T Ur or oz '

%oy 52
o = py a;; T P22 6;1 ) (24)
o 82 & 10 8%y 10y
(2) - P2 Y1 Y2 1 Op2 6 10w
P15 TP gE ot? +2L( or? t or ordz r 62)

-+

By By O  10%s s
(2) — z -2
o =L ( drdz 022 52 Tror 1 ) )

By applying the Fourier—Bessel and Laplace integral transforms and using the results of [4], for the potentials
corresponding to the source (2.1) we obtain the representations

ooJ dk o+ico ’
01 = signz/ 0([91"? / (Xle—k!z|a1 +Xze—klz|ag> ektr) dT”
2mi .
0 o—10Q
ooJ kr\dk o+ico
02 = sign z / —°§%—T3—- / (Alee’k‘z“"‘ +A2X2e‘k|z'°‘2)e'°“7 dn, (2.5)
o—1io0
o o+ioa
o = / Jl(kr?dk / 'y e—klzi8 gthn dn,
2m
1] o~100
where
x, = _ (p1242 + pas) F(kn) _ (A1 +pn)F(kn) ( _ paaF(kn)
! ArnP(Az; — A1)8 T T amnP(Az - A6 4nn2 B8
[o o]

(2.6)
F(kn) = / F(B)e " dt.
0

The quantities A1, A2, §, a1, a2, and 8 occurring in formulas (2.5) and (2.6) are specified by the equalities

A p12viy — M p22vi, — R
1,2 = = R
“ T P—puvi, M -—povi,

\ e e 72
d=pupn—pp a=4/l+-5, a=4/l+=, B=4/l+-5,
U b3 U3

where v, vz, and vz are the velocities of propagation of two longitudinal waves and one transverse wave,
determined by the relations

2.7)

Ppy + Rpri — 2Mp1a + \/(szz + Rp11 — 2Mp12)? — 46(PR — M?)

U2 = 53 , Lpaa/é. (2.8)

In order to satisfy the zero initial conditions (2.2), we draw cuts from the branch points n = *iv;, n = %ivs,
and 77 = %ivg into the left half-plane 7 and specify the principal branches by the conditions a;(0) = a2(0) =

B0) =1.
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In order to analyze and evaluate wave fields in Biot's medium, it is expedient to derive Stokes-type
formulas for the potentials ¢;, @2, and 9. To this end, we use the relation [9]

R T e-lzVE T2
=/kJo(kT)—w dk, (2.9)
]

where R = /72 + 22 is the spherical radius. Formula (2.9) implies the identity [4]

+i
f(t=R/v) _ 7kJo(kr)dk i /”F(kn)ek(tn—uzm
R - 2mi o

0 o—1i00

dn, (2.10)

which holds for an arbitrary function f(t) defined for ¢ > 0. Here,
3 o0
a=1/1+ ‘23’ F(kn) = /f(t)e—k”t dn. (2.11)

Integrating (2.10) with respect to t twice and differentiating the result obtained with respect to z and r,
we arrive at the formulas

t

o o+ico
Jo(kr)dk F(kn)ektin=izle) 01
/ / 2 dn = —signz % & / 7f(t - 7)dr,

o—ic0 R
T e k(tn—lla) ;- 212
Jikr)dk [ F(kmeken=lde) /g 1
/ Sri / o dn= ¥ E / Tf(t — 7)dr.
og—ioc R/v

Using formulas (2.12), one can reduce the expressions for the potentials ¢ 1, @2, and ¥p in the Biot medium
to the form
t

(2) = s (2 2) | () Goate o) [ st

R/
t
- (jz> (p12A41 + po3) / Tf(t —7)dr|, (2.13)
Rfvs
t
g = —-% (;‘97' 112) / Tf(t — T)dT.
R/vs

In order to pass to Cartesian coordinates, we replace ¥4 by the potentials

1/13 = _¢9 Sin 07 "[’y = 11)0 COSO, "1112 = 0’ (214)
for which we obtain the expressions

t

i
a
b= 22 (20 [ rit-min w5 (%) [ fe-nem )

R/vs Rfvs



The equalities (2.13) and (2.15) are the Stokes-type formulas for the potentials in Biot’s medium excited
by the source (2.1).

Such a source in the fluid phase is not considered because it is inconsistent with the physmal view of wave
fields in fluids or fluid phase [4]. Indeed, a wave field in a fluid (or a fluid phase) is necessarily potential,
whereas any source of the type of a concentrated force necessarily contains a rotational component.

The second elementary source acting in Biot’s model is a center of pressure applied to the fluid phase.
- This source is given on a sphere R = Rg by the relations

0@ = Zj:g% kRl =0, [uR]=Ri)=0, (2.16)

where the symbol {] denotes the jump on the sphere R = Ry of the function in square brackets. For such a
source, we determine the wave field and pass to the limit as R¢ — 0. A detailed investigation of the source
(2.16), including passage to the limit, was carried out in {4]. The resulting wave field is described by the
relations [4]

(<P1>= 1 1 P11A2+912f t—-—Ri)— (1)P11A1+P12f<t__}_2_)
P2 4m(Az — A1)0R |\ A v2 vy Az v va)]l (2.17)
Yo =

By applying the integral formula (2.10), for the potentials 1 and p; we obtain the representations

o = /kJo (kr)dk / (XyemHlzlon | x,eklzlaa)gktn g

; 21
0 o-ioo (2.18)
0 = /k']oéfr:)dk / (A X, e~ klzlen + Ay Xqe klzlaz)ektn dn,
0 o—ic0
here ( )P (Fn) (prys + o) F (k)
_ (pr1da + p12)F(kn _ _(pu1d1 + p12)F(kn
= : 471'?)%(.42 - A1)5011 ! X2 - 411"0%(A2 - A1)5a2 ) (2.19)

Under conditions (1.5), the source (2.1) excites waves only in the elastic phase, whereas waves excited
by the source (2.16) propagate only in the fluid phase. Under the additional assumption

Ppas > Rp11, ‘ (2.20)
which almost always holds, the equalities
'U% = P/p1, U% = R/pzz, Al o, A2=0 (2.21)

are valid. Taking into account the relations 4; = oo, A3 = 0, and p12 = 0, we arrive at the expressions

o1 = 0’ - signz /Jo(k’r dk / F(kn k(t"-|z|°‘1)d17
dmp11
i (2.22)
J1(’W')CUc / F(kn) kig-1218)
dn,
o = 471’/)11./ Bn? ¢ "
o—1ic0
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which are based on formulas (2.5)-(2.7) and describe elastic waves in the skeleton excited by the source
(2.1). In Stokes form, the same quantities can be represented as follows:

t t
4

r
————4ﬂ'p11R3 / Tft —T)dr, s = W / Tf(t - T)dT. (2.23)

R/‘U) R/’U3

p1=0, p2=

Relations (2.22) and (2.23) describe the potentials of a wave field in an elastic medium with density pi; and
velocities of propagation v; and vs. Relations (2.23) correspond to the Stokes-type formulas for an elastic
medium excited by a concentrated force (see [6, formulas (4.21), (4.22)]).

Upon similar passage to the limit in formulas (2.17) and (2.18), we obtain the equalities

1 R
S — —— ), @w2=0, Yg=0; .
P1= 47rp22v2R f (t v2> 2 8 (2.24)

o o+ico
1 [ kJo(kr)dk eklin=izlaz)
o1 = / olr) F (k) ———

2
4 p22v; ;

dn, =0, =0, .
5 n, @2 (o | (2.25)

o—ic0
which describe the wave field in a fluid with density p22 and velocity of propagation vs that is excited by a
source of the center of pressure type. Formulas (2.24) and (2.25) coincide with the corresponding relations
in [10]. To conclude this section, we note that if, under conditions (1.5), the inequality P,,, < R,,,, the

reverse of (2.20), is satisfied, then the wave fields in Biot’s medium also turn into wave fields in elastic and
fluid media.

3. ON THE SOURCES REPRESENTED BY FORCE COUPLES ACTING ON THE ELASTIC PHASE

3.1. Assume that Biot’s medium is excited by two oppositely directed forces applied to the points 7 = 0,
z = Ry and r =0, 2 = — Ry. Both sources are specified by the equalities

lo:2] = %—? eP1=1eV)=0, @)= =[uP]=0, z=zR, (3.1)
where the symbol |] means the jump of the function in square brackets on the corresponding plane. In the
wave field satisfying conditions (3.1) and (2.2), it is necessary to pass to the limit as Ro — 0. This source
was investigated in [4], where it was shown that in order to pass. from the wave field of the source (2.1) to
the wave field of the source (3.1), it is sufficient to differentiate expressions (2.5) and (2.13) with respect to
z and to change signs.

In accordance with this rule, the potentials will be given by the Stokes-type formulas

. t
1\ _ __Pr2Az+pxn 1Y |r?-22 / - _Z. (,_R
(902) = Tl - Ao B (Ax) ol O AN

R/vy
1 2 22 ¢ 2 R
r2 — 2z z
() |7 [ e (- 2) | 1
R/ua
3.2
3 | R 2
= _PnYz | 2 _2
Yz = 55 | 7 /‘Tf(t 7)dr + 2f<t Ua) ,
R/va
3 1 R
= PnTz | 9 - -2
W e | B / i T)dT+5§f(t Us)
R/va
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In terms of Fourier-Bessel and Mellin integrals, the expressions for the potentials are of the form

ookJ Er\dk o+ioQ
Y1 = - / __9_(_1)__ / (alxle—kizm +a2X2e"k‘z‘°‘2)ekt" dn,

2
o—i00
kJo(kr)dk

o+ico
T om (1‘11621)('1e""zl”‘1 + Asap Xpe~kizlaa)ektn gy (3.3)

g—1i00

’l’be = —Sign -/.}..cilz_kt_(ik- / ﬁYe—k'zlﬁektﬂ dn
mi
0 o —100
Here, the functions X1, X3, and Y are determined by relations (2.6).
The approach based on superposing wave fields excited by sources of the same type can also be used in
determining fields excited by dipoles and quadrupoles of general type. We confine ourselves to considering
the cases of two and three couples of oppositely directed forces.

3.2. Assume that Biot’s medium is excited by three force couples acting along the three coordinate axes

o) = 2000 o~ @) = ) =,
() = ] = 2] = [P =0,z = %Ry

@) 6(y)5(z)f(t) @ = (@] = (1] =
lozz] = T N lozy] = lozZ] =" =0, 3.4
W] = ] = [uP] = uP] =0, z==+Ry;

o) =+ 220 o o) = (5] o,

[u] = ) = (W] = WP =0, y=£Ro.

The first force couple defined by conditions (3.4) coincides with the forces given by relations (3.1) and
gives rise to the wave field that, upon passage to the limit as Ro — 0, is described by formulas (3.2).
In order to express the potentials of the wave fields excited by the second and third force couples, we
use cyclic permutation. Without presenting the explicit expressions for the latter potentials, we will find
the composition of the potentials for all three force couples. Under this composition, the components of
the potential ¥ and the integral terms in formulas (3.2) will be cancelled. As a result we will obtain the
equalities

)= ! 1\ pr2da + o2 _ R\ _ (1) p2d1+p2 _R
<992) T 4m(A; - A1)dR [( ) 72 f (t 'Ul) (Az) — f (t ”2)] , (3.5)

which determine the wave field excited by the source (3.4).
Formulas (3.5) coincide with the known relations [4] for the potentials in the case of the source

o= FO1=0. B =f=0 (36)
of the center-of-pressure type acting on the elastic phase. In [4], the jumps were given for R = Ry, and
in the wave field, passage to the limit as Rg — 0 was performed. Thus, the concentrated sources that are
represented in the form of three momentless force couples acting on the elastic phase and those represented
in the form of a center of pressure prove to be equivalent. In terms of integral transforms, the potentials
(3.5) are given by relations (2.18), where

(p12A2 + paz) F (k) X, = (p12A1 + paz) F(kn) . (3.7)
47I'(A2 - Al)évfal ’ 471'(Ag - A1)5’U§O!2

X;=—



3.3. Now we consider the source that consists of two force couples acting along the z and y axes and is
described by relations (3.4) for £ = £Ro and y = +Rp. By using cyclic permutations in formulas (3.2),
adding the expressions for the potentials together, and passing to the limit as Ry — 0, we obtain the
relations

t

(2) = s (w0 (1) B [ rremner—gis (-3

R/wn
2 2 2 : 2 R
1 2—r T
~(p1241 + p22) (A2> { o / Tf(t - T)dr — ;g‘ﬁgf (t - g) ] }, (3.8)
R/vg
3 f 1 R
= 2Tz 9 - = L B
Vo= "IN | B / rfE=ndrt g f (t va) !
Rfvg

which determine the wave field. Using Fourier-Bessel and Mellin integrals, we can rewrite relations (3.8)
in the form

kJo kT)dk ——kIZIax kiz|a2\ ktn
/ = /(X + Xae~ )e™ 1 dn,

T—1i00
kJo(kr)dk
P2 = / D;r? / (A4 Xye Mo 4 A, Xpe=Hlelea )kt gy (3.9)
o—1i00

kI (krYdE T
Pe :signz/.__l.(_i_)._ / Ye‘k‘ziﬁektﬂdn’

2mi
0 o—ico
where 4ot ay
pizA2 T P22 P12 P22 P22
X = , X - - , Y ——— .

According to [4], relations (3.9) and (3.10) describe the wave field excited by a source of the type of a
center of radial tangential forces on the plane z = 0. This source is given on the plane z = 0 by the relations

o+ = 47r(:13ri;£(7-ti’))5/27 o@]=log) =W =0, ] =[P]=kP)=0, @11

and, in the wave field constructed, passage to the limit as n — oo must be carried out. Thus, the action of
the two force couples considered is equivalent to that of a center of radial tangential forces on a plane.

3.4. Now we turn to the consideration of a force couple with a moment represented schematically in Fig. 1
and defined by the relations

2) — Ro)d(y)f(t) _ é(z + Ro)o(y)f(t)
loz2'] = 4n Ry 4m Ry !

(3.12)

@) =@ =0W]=0, pP]=pP]=[pd)=[uP]=0

on the plane z = 0. In the wave field satisfying conditions (3.12) it is necessary to carry out passage to the
limit as Ro — 0. Using the same line of reasoning as in deriving the wave field excited by a force couple, we
conclude that, in this case, in order to determine the potentials, it is sufficient to differentiate the left-hand
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sides of {2.13) and (2.15) with respect to = and to change signs. As a result, for the potentials of the wave
field we obtain the expressions

i
©1 1 p12Az + p22 | 3zz / R
= - —_ i - —_—
<<P2) .<A1>47r(A2—A1)5 B ) M-+ 2R3f -,

"

t

1 p12A1 + pa2 | 32z / R A
e | a d NEEAYE '
+ (Az) in(Az — A)S | RO Tf(t—T)dr + 2]_.‘,‘3f o)l (3.13)
R/vz
3 t R
— P |°TY _
Ve = a5 | B / Tf(t 'r)d'r+ 2R3 f( vs) ,

v (3.14)

Tt
oy | 222 — % — 22

R
=55 — /Tf(t-—r)d'r+ 2R3f( U3>

R/vs

Yy

3.5. Consider another force couple represented in Flg 2 and given by the conditions
02)] = §(z — Ro)d(y)f(t) _ 6(z+ Ro)d(y)f(t)

4 Ro 4 Ro ’ (3.15)
2 =0 =M =0, ©P)=pP)=pu?)=pP]=0

on the plane £ = 0. In order to determine the wave field as Rq — 0, in formulas (2.13) and (2.15) it is
necessary to perform the cyclic permutation that replaces the coordinates z, y, z by the coordinates y,
z, ¢ and to take the expressions obtained for the derivatives with respect to z with the opposite signs.
The ultimate expressions for ¢; and ¢ are provided by relations (3.13), and the components of the vector
potential are of the form

[ ¢
prz | T2 =227 /‘ 3 _R
’()by 47!'6 R5 Tf(t T)dT + 2R3 f ,03 bl
L R/v3

- .: | (3.16)
_ P | 3yz LAY Py
'¢’z = m -R-s— / Tf(t - T)dT+ ngaf (t ’U3)
| R/vs
R $—>
I -t—-—«L'-Ro T Rc x
’ —>
> ‘fo > X >x R 2 l
-R, | <~ R,
» b ¢
2 y 4 Z
Figc. 1 FiG. 2 ‘ Fic. 3
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3.6. Let the Biot medium be excited by the sources (3.12) and (3.15), and let the sign of the function f(¢)
in (3.15) be changed (see Fig. 3). As in other cases, we will determine the limiting wave field as Ry — 0. The

expressions for the longitudinal potentials @1 and @2 vanish, and the components of the vector potential ¢
are as follows:

i
_ _ P22 |37y _ R
¢x - 471'5 R5 / Tf(t T)dT + =3 2R3 f ( 1)3) )

Rjua
. .
2 _n,2 2 2 2
_ P |2tz _ T4+ z _5
hy = 22 v / St =myar+ T f(t US) , (3.17)
R/vs
RET R
= _ P22 | Yz —
":bz— 4?‘_5 R5 /Tf(t T)dT+ 2R3f( 2}3)
R/vs

Formulas (3.17) can be simplified by making use of the fact that the wave field is not affected by adding
the gradient of an arbitrary function to the vector potential. If we add the gradient of the function

t

g P2 Y _
=15 / Tf(t — 7)dr, (3.18)
R/vs

then formulas (3.17) are replaced by the relations

1
1/):::";[)2:0) Tﬁy:%TR'f(t"E), (3-19)

V3

describing the wave field excited by a center of rotation about the y caxis.

4. SOURCES REPRESENTED AS DISCONTINUITIES OF DISPLACEMENTS

4.1. Along with sources of the type of concentrated forces, we also consider sources related to discontinuities

of displacements in both phases of Biot’s medium. Let, in Biot’s medium, the source given by the boundary
conditions

{ui2>1=—(——”ﬂ’—) @] = (0@ = [b@] = 6] = 0,

2rr

4.
M) =@ =P =0 (4.1)

on the plane z = 0 be acting. This source is represented by a discontinuity of the displacement wu ; @ along
the z axis. In this case, the expressions for the potentials are as follows:

oo
¥ -_-/yﬁéﬁﬂfif / (X —k]z]a1 + Xae k]z;az)ektn d'r]
X%
0 o—ico
=/kJo2kT)dk / (A X e—klzlcu +A2Xze klzlag)ektn dﬂ (4‘2)
T
Y o~ico
k
Pe =signz/.}if_h_k1)d_ / Y e—klz1B gktn dn.
0 o—1ico
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Here, the functions X, X2, and Y are defined by the equalities

v3(pa2g + 2A2p12) F (k) vB(p2ag + 241012) F(km) v3F (kn) 2
X =2 Xy =23 29 1012 n y = _vaF(kn oy
1 4 (A2 ~ Ar)pmann? ? 4m(Az — A1)p2zcan® ' 2?2 g=2+ v2’ (4.3)

where the notation (2.6)—(2.8) is used.

In order to represent the potentials (4.2), corresponding to the source (4.1), in Stokes form, it is necessary
to use the additional relations

o0 o+ico ’ ' ) ¢

kJo(kr)dk / ek(tn—Izla) 272 — 12 -2 R
/ omi om? Flkm) dn = =5 ,/ rft == St (t - —v—) ;
Y ’ g—1i00 R/v

Fedi(r)dk ] ekltn-izla) arfz| " 5 (44)

17 e Tz |z
/ i / 7 F (kn)dn = —¢ / Tf(t = T)dT + —g (t - ;) ,
0 o—-100 R/v

which result from applying the operators 8/8r +1/r and 8/9z to both sides of the second equality in (2.12).
Using (2.10), (2.12), and (4.4), from (4.2) and (4.3) we derive the relations

(‘Pl) - 1 { ( 1 ) [f (t_§>_2U§(A2P12+P22)7‘2 f (t— R
w2 47I'(A2 - AI)R Ay V1 p22R2’U% m

t
_ 203(Azp12+p22)(r? — 22%) _ 1 R
=22 [ epemmar] - (4,) [ (-5)

R/,01

_ 203(A1p12+p2g)r? f (t _ E_) _ 203(A1p1 +‘p22)(7'2 = 22%) j Tf(t - "')df} }’ (4.5)

pas R?v2 V2 p22 R
R/ (0]

t |
z R 3v2
Vo= sirs f(t—;;)+§-;,“-/ff(t-r)dr ,

t
_ zz R 3'03/ .
1/)31_—27‘,1{3 f(t—';;>+.R2 Tf(t T)dT ’

which provide the desired representations of the potentials in Stokes form.

According to [10], the wave field (4.5) can be represented as a superposition of the wave fields excited by
the following three sources: first, a force couple (3.1) acting along the z axis; second, a center of pressure
(3.4) applied to the elastic phase, and, third, a center of pressure (2.16) acting on the fluid phase. All three
sources are located at the origin of coordinates and are specified by the same time function f(t) with the
coefficients 2L, A, and M, respectively. In proving this assertion, it is expedient to use the relations 4}

p22 +pr2day _ MAz + R pudai+p12 — PAy  + M
'Uiza PR— M2’ ”%,25 PR-M?’

(4.6)

In the special case where conditions (1.5) are fulfilled in Biot’s medium and, therefore, waves in the two
phases are not correlated, we have 1 = 0, and the potential 2 (as follows from (4.2), (4.3), and (4.5)) is
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determined by the formulas

t
1 2vr? R\  v3(r? —22%)
2= "&R (1"«7%?) f(f';;) T / rf(t - r)dr,
R/‘U1

s o+ico
3 /kJo(kr)dk gF(kn)ek(m—IZIm)dn
. .

4 27 arm
1} g~1i00

(4.7)

P2 = -

As above, the components of the vector potential are determined by (4.2}, (4.3), and (4.5). Formulas (4.7)

and the expressions (4.2), (4.3), and (4.5) for the potentials v, 1=, and 1, determine the wave field in the
elastic medium in the case of the source (4.1).

4.2. The source corresponding to a discontinuity of displacements in the fluid phase is given by the boundary
conditions

bl |
[ = ) =, pPl=pP =0, P]=[P]=V]=0 (4.8)
The potentials of the field exc1ted can be represented either by the integral relations (4.2), where
B Ay F(kn) __ AlF(kn) _
Xl - 47I'(A2 - Al)al ’ X2 - 47I'(A2 -— A1)O.‘2 ! Y= 0‘ (49)

or by the equalities

(‘i;> = -471'(A21A1)R [Az (‘il> d (t- g) — A (22> d (t— %)] (410

According to [10], the wave field of the source (4.8) can be represented as a superposition of the wave fields
excited by a center of pressure (3.4), acting on the elastic phase, and a center of pressure (2.16), applied to
the fluid phase. Both sources are located at the origin of coordinates and are specified by the time function
f(t) with the coefficients M and R, respectively. In the special case where conditions (1.5) are fulfilled in
Biot’s medium, we have 3 = 0, and the potential 3 is determined by the relations

1 R 1 T kdo(kr)dk " F(kn)

- L L O\ET ) k(tn—|zlaz)

v 4rR (t v1) 47r_/ 2mi / oy ¢ . (411)
0

o100

4.3. In Biot’s medium, consider the source given by the conditions

)= 2200 0, 0] =) =0,

¥

207 v (4.12)
) = [ =0, [@]=[o]=0
and related to a discontinuity of the tangential displacement in the elastic phase. In determining the
corresponding wave field, it is expedient to use the results in [11, 12], where the action of tangential forces
in an elastic medium was studied and to take into account the evenness or oddness with respect to z of all
the resulting potentials, displacements, and stresses. Since ug ), ugl), crg), and crzy) are even and continuous,
the last four conditions in (4.12) are automatically fulfilled. Thus, we only need to satisfy the first four
conditions in (4.12). To this end, we will use the relations

Bp2 1Y a'w

@ %2 1oy Ty

v = o e 0,

@_L0p 0¥ . 0%
9 r 980  Or oz’ (4.13)
m_ . Pe %1 :
o =P + P22 proas
0?5 0 8y 10p2 1 8p2 8%y, sinf 6%y
@ = _ 1 0p2 y y
T =PuTpE T mgm 2L( R s T Ml = P TT

which enable one to express the displacements and stresses involved in the first four conditions (4.12) in terms
of the potentials. Based on the boundary conditions, for the potentials we can write the representations
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©1 _ kJy(kr)dk 1 ~k|zla 1 —kizlaz | ktn
(902) = sxgnzcosé?/———z-;-m——— Ay Xie v Ay Xae 2| e®dn,

o—100

by = kJo(k'r)dk / Ye—Hl8 gkt g

27
’ e (4.14)
1/} = -—51gn251n9/ M / ,BZ ktn—k|z|B dTI
U“ZOO
Here, the functions X3, X, Y, and Z are defined as follows:
2 2 .
Xl — _L(P12A2 +P22)F(k71)’ .X2 = L(p12A1 -+ pzz)F(kT]) 7= vaF(kn) v ‘UggF(kﬂ). (415)

27(‘5(142 — Al)ng 27T6(A2 had A1)T[2 ’ a 27l'ﬁ’!]2 ’ - 4'rr[37)2

Using the integral relations (2.10) and (2.12), the expressions (4.14) with regard for (4.15) can be written
in the form

01\ _ Lcos6 1 3rz : R
((P:)___———21r5(A2—A1){(A1)(p1242+p22){§-5_/ Tf(t —T)dT + 2R3f( 01)]

R/v;

_<;z)(P12A1+p22)[§1%2 /)t mf(t-r)ar+ 2R3f( ’i)]}

R/v2

(4.16)

t
_vE 122212 3 2% — _R
¢y = 2—7}. _R?_— Tf(t T)dT =+ 2R3y 2 f y

'U3
R/vg :
2 (32 | R
= U3 |5y _
¢Z - 271' Rs / f(t T)dT+ R3 2f( 3)
R/v3

These representations, like relations (4.5) and (4.10), can be regarded as the Stokes formulas for Biot’s
medium.

In the special case where conditions (1.5) are fulfilled, we have ¢1 = 0, and the potential ¢ is determined
by either of the relations

t
_ ’U3 cosf |3rz _ rz_ _R
R/vy (417)
V3 cos(951gnz / kJy(kr)dk / F(kTI) gktn—klzla g
P2 = 5 7.
T
g—ic0



Fic. 4

As previously, the potentials ¥, and 1, are described by (4.14) and (4.15).

The wave field (4.16) is also excited by the source involving two force couples (see Fig. 4) and given by
conditions (3.12) and (3.15), in which the time function has the additional coefficient L. In order to verify
this assertion, it is necessary to subtract the gradient of the function (3.18) from the vector potential.

Thus, all of the three sources related to jumps of displacements are equivalent to force sources. In these
equivalent sources, the summarized forces and moments are zero, which is a consequence of the general laws
of mechanics.

5. DISPLACEMENT FIELDS

In this section, we will determine the displacement fields corresponding to sources represented either in
the form of a concentrated force or in the form of a point discontinuity of displacements. As a rule, the
related formulas will be written both in terms of integral transforms and in Stokes form.

5.1. For the source corresponding to the concentrated force given by boundary conditions (2.1), the dis-
placement field (in accordance with relations (2.4) and (2.5)) is described by the equalities

e kJo(kr)dk i 1
o\RT ~kizle
( (2)) ,/ 2mi - / [(Al)oque 1
0

o—ico (5.1)
+ ( 22) azXpe ko 4 ( puafP 22) G } e dn,

(1) _ ]ch k’l‘)dk e 1 X ~k|z]oa
(2) —signz T om Ay )T

+ (Az) Xze—k[zlag n <;012_/f22) Ye—kpm] ekt g,

where the notation (2.6)—(2.8) is used. Using (4.4) and the relation

T kJ (kr)dk rH-imozF(lfc'q)e"‘(”"|z|"') 92212 [ 22 R
: = — - ——— — —
0 o~100 R/u .

we can replace equalities (5.1) by the relations

(1) _ 1 B2 l 1Y) + ( 1 (P12A2 +p22)2:2 £(t- E)

(-”-) T 4mo(Az — Ay) 1 822 \R) \u®@ Ay vIR3 n
1Y (p1241 + p22)2? _ _E P12 ) (A2 — Ap)r? (t _ E) }

- (Az) vaR3 It V2 T\ ~p2 viR3 f vs) [’

(5.3)
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where

R/1J3 R/‘U3
e} 1 1
(Zm) = <A1> (p124z + p22) / Tf(t ~7)dr — (Az) (p1241 + p22) / Tf(t — T)dT. (5.4)
R/v R/va

In some cases, in relations (5.3) it is reasonable to perform the following change of variables:

_ 222 — 2 8% 1

RS

13z
0z8z R RS’

(5.5)

) =

o
oz2

In the special case where in the Biot medium conditions (1.5) are fulfilled, the displacements in the fluid
phase are zero, whereas the displacements in the elastic phase are determined by the relations

. Rfvs A
1 222 — 72 22 R r2 R
(2) o _ - z_ - i -
W=l [ > // Tft= )i+ 5 (t w) + 5t (t Ua) ]
R/uy
R/vs . . (5.6)
(2)‘=__ﬁ.___§_/ _ 1 t__)_i (B
Uy 4‘:‘?011R3 [RZ o Tf(t T)d'r + 'U% f 71 vgf va .
v

Relations (5.6) coincide with the corresponding formulas in [6] up to sign. The latter distinction is inessential
because it concerns only the sign of the force specifying the source.

5.2. Consider the source (4.1) related to a discontinuity of displacements in the elastic phase. In accordance
with (2.4) and (4.2), the displacement field is described, in this case by the equalities '

() kJ (kr)dk
Uz — 4] —kizjay
( (2)> = sxgnz/ o ( )alee

g—100

+( 2) apXpe~Hielaz (plz/pzz —klzlﬁ] ke g,

o+1ico
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'u. 2m Ay

o—ico

+ (2 ) Xze"‘lzlaz + (plz/{-’zz) Ye'klzm] ek dn.
R -

(5.7)
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Here, the notation (4.3), (2.6), and (2.7) is used. Applying the formulas
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we can reduce equalities (5.7) to the form
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In (5.9), the notation (5.4) is used. In some cases, in these relations it is expedient to perform the change
of variables in accordance with the formulas

* 1 r2-422 91 3r2 — 222
AR W O BRCTE (5.10)

5.3. In the case of a concentrated discontinuity of displacements in the fluid phase of the form (4.8), the
displacement field is determined by equalities (5.5), where the notation (4.9) is used. These relations imply

the representations in Stokes form
D 1 1 R 1 R
t— —f{t-=
( (2)) 47FA2—A1 4n(A; — A)R? <A1){ < v1>+v1f(t 'Ulﬂ
(1 R 1 ., R
—flt—-= - t— —
47T(A2—A1)R2 < 2) LRf( 'U2>+'U2f ( 'Ug):l’
W
( (2)) 41T(A2 Al)Rz (

A1I r R 1 ’ R
—‘—‘“"%(Az-mm( )Jéf(’*“;;)*’af (t‘z)]-

From equalities (4.10) and (5.11) it follows that the corresponding wave field is spherically symmetric.

(5.11)

5.4. In the case where the discontinuity of the tangential displacement u? is concentrated along the z
axis (see (4.12)), we confine ourselves to presenting only the Stokes formulas

e 1 v2 8 1\ (@
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2 2 2 2
v3(p1242 + p22)z [ 1 y*+2z° ~ 5z ( R) z? R
L AL ca i Y O Pt R ks
+ (A2 e A1)’U%R4 (Al) l: R f v V1 f t v
e (1) o (B 2 (R
(A2 — A1)v2R4 \ A2 R %) Vg V2
2 (p\[;3 -2, R\ #-y-2 ’(—E
"o (-Pzz) [3 R At v3 - v3 ¢ v3 ’
e a®
( (2)> 27rp22 { A2 - A1 (6z6y3z R) (u(z))

'U%(pqu + paz)zyz [ 1 ) l:_s_ ( - E) -}- ! (t - E)]
(A2 — A1)viR* \A1/ |R F{ U1 i U1 d U1
2
vi(p1241 + pa2)zyz [ 1 ) [.@. (t - E) 1y (t - E)]
(Ag — A1 )viR* (Az 2 w) d Y2
Yz [ piz 6 — E) Lo (t-— —Ji)} }
+27 (_pn){Rf(t w) T v/l
(1) 1 ‘U% / ® 1 no!
( (2)) 277/922{-42 -4 (6-’5322 ﬁ) (“(2)>

+v§(p12A1 + gzz)m ) [’"2 — 52 f (t - E) - if’ (t - _1.2_)]
(A2 — A1)viRY \( A R vy 1 v1

(5.12)
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Here, the notation (5.4) is used. In some cases, the change of variables

3 1 3y y? + 22 — 422 o 1 15zyz 8 1 r2 — 422

0z%29z R R7 ' Bzdydz R STTRT ' 61022 R 3I—R—7— (5.13)

is useful. From (5.12) it follows that the expressions for u{? and u{? differ from those for u" and u$
only in that z and z are interchanged. The same conclusion can also be drawn by considering the sources
(3.12) and (3.15), which are equivalent in action, as Rg — 0, to the source (4.12) up to the multiplier L.
The wave field excited by two force couples (3.12) and (3.15) and represented in Fig. 4 is symmetric about

the plane z = z. This symmetry implies the above-mentioned property of the wave field.

6. RADIATION DIAGRAMS

In this section, displacement fields are investigated in the far zone, where the spherical radius R is so
large that, in expressions (5.3), (5.9), (5.11), and (5.12) for the displacements, only the terms decreasing
as 1/R, as R increases, are kept. In this zone, the wave field can be decomposed into individual waves P1,
P2, and S, the first two of which are strictly longitudinal, whereas the third one is a strictly transverse
wave. Indeed, on the fronts of the waves P1 and P2, the displacement vectors are directed either in the
same sense as the ray or in the opposite sense. On the front of the wave S, the displacement vector is
perpendicular to the ray. Here, we assume that the time function f(t) of the source vanishes for ¢ < 0 and
satisfies either the condition f(0) # 0 in the case of the source (2.1) or the condition f’(0) # 0 in the case
of the sources (4.1), (4.8), and (4.12). ) )

Since sources act differently in different directions, it is useful to construct radiation diagrams for each
of the sources. These diagrams are the plots of the dependences of displacements on wave fronts upon the
angle in the polar coordinate system on the zz plane. The sources are located at the origin of coordinates.
In Figs. 5-8, relative displacements on the fronts are plotted for sources of the following types: a vertical
force (2.1), a discontinuity of the normal displacements in the skeleton (4.1), a discontinuity of the normal
displacements in the fluid (4.8), and a jump of the tangential displacements in the elastic phase (4.12). In
every figure, two diagrams marked by the symbols a and b and related to the fluid and solid phases, respec-
tively, are presented. The arrows show the directions of displacements. The diagrams of the longitudinal
waves P1 and P2-and of the transverse wave S are plotted by thin, semibold, and bold lines, respectively.
For definiteness, it should be indicated that all of the radiation diagrams have been constructed for isotropic
Biot medium with the following values of the parameters:

A=443GPa, L=277TGPa, Q=0.74GPa, R =0.6GPa,

3 3 (6.1)
a=1.75, £=0.26, ps=2650kg/m>, p;=1000kg/m>.

The velocities of propagation and the coefficients A;, Az, and —p2a/p12, Which determine the ratios of
the amplitudes of the waves P1, P2, and S in the skeleton to those in the fluid phase, evaluated using (2.8),
(1.3), and (2.7), are as follows:

vy =2330m/s, vy =1030m/s, wvs =1160m/s, A; =1.04, A2 =-0.12, —paz/p12 = +2.33. (6.2)

The opposite directions of displacements in the two phases for the second longitudinal wave P2 is the
distinctive feature of all of the diagrams. In addition, for this wave, the displacements in the fluid phase are
an order of magnitude greater than those in the skeleton. For this reason, the largest relative displacement of
particles almost always occurs in the second longitudinal wave. Apparently, the seismoelectric effect, which
arises for large relative displacements of the fluid and the skeleton, is related to the second longitudinal
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wave P2 [13]. It is also worth indicating that the displacements in the wave S in the fluid phase are quite
considerable and only 2.3 times less than those in the skeleton. :

The diagrams for the waves P1 and S in Fig. 5b are very similar to those for the waves P and S excited
by a vertical force in an elastic medium [6], but the directions of the displacements in these two cases prove
to be opposite. This difference is due to the fact that, in this paper, the applied force is given by the jump
of the stress agi), whereas in [14] the source is defined by a body force. The difference indicated conforms to
the results in [10], where the body forces equivalent to jumps of displacements and stresses were determined.

The jump of ug?') treated as a source is characterized by the diagrams shown in Figs. 6. The diagram for
the wave P1 is a superposition of the diagrams of a center of pressure and of a momentless couple of vertical
forces [10]. The diagram of P1 looks like the diagram of the wave P corresponding to a jump of u ; in an
elastic one-phase medium. For the wave P2, the displacements correponding to the force couple are larger
in absolute value than those corresponding to centers of pressure, and the displacements corresponding
to these sources have opposite directions. These facts explain the four-petal pattern of the diagram, in
which the displacements vanish along four directions. The diagrams of the wave S are the typical diagrams
corresponding to a momentless couple of vertical forces [14]. For clarity, in Fig. 6b the displacements in the
wave P2 are magnified two times.

Fi1G. 5A Fi1G. 5B

Fic. 6A FiG. 68
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F1G. 8a FiG. 88

The jump of uil) excites spherically symmetric longitudinal fields (see Fig. 7) in both phases. If we
assume that the displacement in the fluid phase in the wave P1 is of unit length, then the displacement in
the wave P2 in the same phase is equal to 19. The displacements of the skeleton in the waves Pl and P2
are then equal to 1.8 and 2.75, respectively.

All of the displacements are directed away from the center of the source, with the exception of the
skeleton displacement in the wave P2, which is directed toward the center. Thus, among the waves excited
by the source (4.8), the wave P2 is the most intensive one.

The jump of u?’, for which the equivalent force is represented by a double momentless force couple in
the plane zz, is characterized by the four-petal diagrams of the waves P1, P2, and § (see Fig. 8), differing
by an angle of 45°. Qualitatively, these diagrams are very similar to the diagrams corresponding to a double
force couple in an elastic isotropic medium [6].

This work was supported by the Russian Foundation for Basic Research under grant No. 96-05~65904.
Translated by L. A. Molotkov.
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